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ABSTRACT 
D i g i t a l  analog s imula t ion  i s  the  u s e  of a genera l  purpose 
~ d i g i t a l  computer t o  so lve  engineer ing and s c i e n t i f i c  problems o r  
t o  s imula te  continuous models t h a t  a r e  commonly done on an analog 
computer. D i g i t a l  analog s imulat ion i s  n o t  n e w ,  b u t  it has  become 
more and more accepted dur ing  recent years .  This  paper p r e s e n t s  
some techniques i n  d i g i t a l  analog s imulat ion.  There a r e  two types 
of techniques: those  developed f o r  analog computers b u t  can a l s o  
be app l i ed  t o  d i g i t a l  s imula t ion ,  and those developed f o r  d i g i t a l  
' ana log  s imula t ion  by p rov i s ion  i n  the s imula t ion  language and i t s  
compiler.  I n  t h i s  paper ,  t h e  recent  language M i m i c  i s  chosen t o  
be used a s  the  s imula t ion  language. 
D i g i t a l  analog s imula t ion  techniques a r e  shown by present ing  
t h e  M i m i c  programs of s e v e r a l  problems and t h e i r  r e su l t s .  S ix  
problems a r e  chosen: (1) s o l u t i o n  of a non-l inear  d i f f e r e n t i a l  
equat ion,  ( 2 )  computation of a complex t ranscendenta l  expression,  
( 3 )  gene ra t ion  of B e s s e l  f unc t ions  of t h e  f i r s t  kind,  (4)  solu-  
t i o n  of a p a r t i a l  d i f f e r e n t i a l  equat ion,  (5) double i n t e g r a t i o n  
of a func t ion ,  and (6)  s imula t ion-of  a non-l inear  feedback contr 'ol  
system. 
The f i r s t  problem i s  t h e  well-known van de r  P o l ' s  equat ion.  
This  problem i s  t o  in t roduce  t h e  M i m i c  language t o  the  r eade r s  
who may n o t  know t h i s  s imulat ion language. The Mimic program i s  
expla ined ,  and t h e  formats and some f e a t u r e s  of t h e  language a r e  
p o i n t e d  o u t .  The l i m i t  cyc le  and s t a b i l i t y  of t h e  s o l u t i o n  of 
t h i s  problem can be observed from the  r e a d i l y  obtained t ime-re- 
sponse p l o t  and phase-plane p l o t .  The s c a l i n g  and l a b e l i n g  of 
t h e  p l o t s  are done au tomat ica l ly .  
The second problem i s  computation of a complex transcend- 
e n t a l  expression which desc r ibes  t h e  antenna r a d i a t i o n  p a t t e r n  
I of a four-element binomial a r ray .  This  problem i s  chosen t o  
show computation f o r  an engineering app l i ca t ion  by Mimic i n s t e a d  
of s o l u t i o n  of a d i f f e r e n t i a l  equation. 
The t h i r d  problem i s  t h e  generat ion of Bessel func t ions  of 
t h e  f i r s t  k ind  by using t h e  d i f f e r e n t i a l  r e l a t i o n s  of t hese  func- 
t i o n s .  This approach requires a success fu l  way t o  handle t h e  
i n i t i a l  condi t ions.  M i m i c  language can accomplish t h i s  r ead i ly .  
The fou r th  problem i s  a p a r t i a l  d i f f e r e n t i a l  equation de- 
s c r i b i n g  a one-dimensional h e a t  flow. A s  developed f o r  analog 
computer s o l u t i o n ,  t h e  p a r t i a l  d i f f e r e n t i a l  equation i s  converted 
by f i n i t e  d i f f e r e n c e  t o  a system of ordinary d i f f e r e n t i a l  equations.  
A l a r g e r  number of t hese  d i f f e r e n t i a l  equat ions gives  a more ac- 
c u r a t e  r e s u l t ,  and d i g i t a l  analog s imulat ion can achieve t h i s  
r e a d i l y .  The M i m i c  program here  i l l u s t r a t e s  t h e  simultaneous 
s o l u t i o n  of a system of twenty d i f f e r e n t i a l  equations.  
The f i f t h  problem i s  t o  f ind  t h e  volume of a sphere by 
us ing  a numerical  approach of double i n t e g r a t i o n  developed f o r  
t h e  analog computer. Since t h e  exact value of t h e  sphere i s  
known, t h e  exac t  va lue  i s  used for  comparison with the  r e s u l t  
from t h i s  approach. The r e s u l t  shows t h e  g r e a t  accuracy of t h e  
double i n t e g r a t i o n  ob ta inab le  by t h i s  approach. The M i m i c  pro- 
gram h e r e  shows t h e  technique t o  switch ou t  t h e  i n t e g r a t o r s ,  
each a t  a s p e c i f i e d  condi t ion .  
The s i x t h  problem i s  t h e  s imulat ion of a simple r e l a y  servo 
wi th  f o u r  d i f f e r e n t  k inds  of re lays:  simple r e l a y ,  r e l a y  with 
dead space,  r e l a y  with h y s t e r e s i s ,  and r e l a y  with both dead 
space and h y s t e r e s i s .  The dynamic responses using these  r e l a y s  
a r e  compared with t h a t  of a l i n e a r  servo. The Mimic program shows 
how t h e s e  k inds  of r e l a y s  a r e  simulated.  
Many advantages i n  using d i g i t a l  analog s imula t ion  a r e  now 
I 
be ing  recognized. The above M i m i c  programs and t h e i r  r e s u l t s  
have shown t h e  advantages of g r e a t e r  accuracy, no need of s c a l i n g ,  
and no hardware se tup .  P l o t s  are a v a i l a b l e  with automatic s c a l -  
i n g  and l abe l ing .  Other advantages a r e  f e a s i b i l i t y  of func t ion  
genera t ion  of more than two v a r i a b l e s ,  a v a i l a b i l i t y  of many math- 
ema t i ca l  func t ions  normally provided i n  a d i g i t a l  computer f a c i l -  
' i t y ,  and better computer u t i l i z a t i o n .  I n  add i t ion ,  t h e  c o s t  of 
d i g i t a l  analog s imula t ion  has  become very reasonable .  In  conclu- 
s i o n ,  t h e  use of d i g i t a l  analog s imulat ion w i l l  be r a p i d l y  i n -  
c r eased  as more and b e t t e r  d i g i t a l  computers become ava i l ab le .  
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D i q i t a l  Analog Simulation Techniques 
Yaohan Chu 
Univers i ty  of Maryland 
College Park,  Md. U.S.A. 
February 15,  1967 
D i g i t a l  analog s imula t ion  i s  the  use of a general-purpose 
d i g i t a l  computer t o  so lve  engineer ing and s c i e n t i f i c  problems o r  
t o  s imula te  continuous models i n  a manner s i m i l a r  t o  t h a t  used on 
an analog computer o r  a hybrid computer. D i g i t a l  analog simula- 
' t i o n  i s  n o t  new. R. G. S e l f r i d g e  (1) f i r s t  pioneered t h e  s imu- 
l a t i o n  of a d i f f e r e n t i a l  ana lyzer  on a general-purpose d i g i t a l  
computer ( IBM 701) i n  1955, b u t  t h e  computer then was t e r r i b l y  
slow, hardware f l o a t i n g - p o i n t  a r i t h m e t i c  was n o t  a v a i l a b l e ,  and 
programming technique was p r imi t ive .  Since then,  many d i g i t a l  
analog s imula t ion  languages and programs have been developed ( 2 , 3 )  , 
i n c l u d i n g  DYSAC (4) , DAS ( 5 ) ,  MIDAS ( 6 ) ,  PACTOLUS ( 7 )  ,MADBLOC (8), 
M I M I C  ( 9 ) ,  DES-1 ( l o ) ,  and DSL/90 (11). Furthermore,  d i g i t a l  
computer h a s  also been attempted t o  gene ra t e  d e t a i l s  f o r  s e t t i n g  
up the ana log  computer (12); t h i s  e f f o r t  has  r e c e n t l y  been re- . 
p o r t e d  success fu l .  However, t h e  wide usage of d ig i t a l - ana log  
s imula t ion  appeared t o  begin when the d i f i t a l  computer became 
s u c c e s s f u l  t o  g ive  check s o l u t i o n s  f o r  analog s imula t ions .  This 
success  h a s  been spark led  by t h e  MIDAS which owed i t s  b i r t h  i n  
1963 t o  t h e  DAS. The MIDAS h a s  received wide acceptance i n  u n i -  
v e r s i t i e s ,  r e sea rch  o rgan iza t ions ,  s imulat ion l a b o r a t o r i e s ,  and 
governmental  f a c i l i t i e s .  Because of some important  l i m i t a t i o n s  
of MIDAS, a much improved ve r s ion  c a l l e d  MIMIC h a s  been developed 
i n  1965 t o  succeed t h e  MIDAS. This M I M I C  language i s  used h e r e  
a s  t h e  s imula t ion  language. 
I 
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1. M I M I C  Language and Compiler 
MIMIC (19) i s  a b lock-or ien ted  language. I t  has  a s e t  of 
I reserved  words such a s  T ,  DT,  I N T ,  and TRUE which c a r r y  s p e c i a l  
I 
I 
meaningsto M I M I C  compiler.  M I M I C  i s  expressed i n  s ta tements  
such a s  cons t an t  s ta tement ,  comment s ta tement ,  computation s t a t e -  
ment ,  and i n t e g r a t i o n  s ta tement .  A M I M I C  program i s  a sequence 
of s ta tements  with each s ta tement  punched on one card.  
Each M I M I C  s ta tement ,  except  the comment s ta tement ,  may have 
t h r e e  f i e l d s :  LCV ( l o g i c a l  c o n t r o l  v a r i a b l e )  name f i e l d  ( ca rd  
column 2-7) , r e s u l t  name f i e l d  (co l .  10-15), expression f i e l d  
( c o l .  1 9 - 7 2 ) .  (The comment statement,  a s p e c i a l  ca se ,  i s  i n d i -  
c a t e d  by t h e  presence of a c h a r a c t e r  i n  column 1.) I n  t h e  block 
concept,  the r e s u l t  name i s  t h e  output  from t h e  block,  and t h e  
express ion  shows t h e  i n p u t s  and t h e  ope ra t ion  t o  be performed on 
t h e  inpu t s .  I n  t h e  expression f i e l d ,  simple a l g e b r a i c  express ions  
us ing  o p e r a t o r s  +, -, *, and / (add, s u b t r a c t ,  mul t ip ly ,  and d i -  
v ide)  a r e  allowed as w e l l  a s  nes t ing  of  expressions by us ing  p a i r s  
of parentheses .  The LCV name h a s  two values:  TRUE and FALSE. I f  
a s ta tement  h a s  a LCV, t h e  statement w i l l  be executed only when 
i t s  LCV h a s  a va lue  of TRUE. 
The M i m i c  compiler i s  w r i t t e n  e s s e n t i a l l y  i n  For t ran .  I t  has  
a vary ing  s t e p - s i z e ,  four th-order  Runge-Kutta i n t e g r a t i o n  subrou- 
t i n e .  It  a l lows  mul t ip l e  runs w h e n  some cons tan t s  a r e  designated 
a s  parameters .  I t  has  a sor t  s u b r o u t i n e  which permi ts  t h e  computer 
t o  behave as if it w e r e  a p a r a l l e l  machine. The compiler t r a n s l a t e s  
a M i m i c  program d i r e c t l y  i n t o  a machine language program and then 
i n i t i a t e s  t h e  execut ion  of t h e  machine language program. I t  a l s o  
p rov ides  s o m e  d i a g n o s t i c  a i d  f o r  debugging of programs. The com- 
p i l e r  i s  r e l a t i v e l y  simple t h a t  a sophiscated u s e r  could understand 
t h e  d e t a i l s  of t h e  compiler w e l l  and, i f  a need should a r i s e ,  modify 
t h e  compiler  t o  s u i t  h i s  p a r t i c u l a r  need. La te ly ,  an on-l ine ver- 
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s i o n  i s  be ing  developed f o r  use w i t h  a cathode-ray-tube d i s p l a y  
console  (13)  . 
This paper  p r e s e n t s  some techniques i n  d i g i t a l  analog simu- 
l a t i o n  by us ing  t h e  M i m i c  language. There a r e  two types  of tech- 
niques:  those developed f o r  analog computers b u t  may now be equal- 
l y  app l i ed  t o  d i g i t a l  analog s imulat ion,  and those  developed i n  
t h e  d i g i t a l  analog s imula t ion  language and compiler.  These tech-  
n iques  a r e  shown subsequently by p resen t ing  t h e  Mimic programs and 
t h e  r e s u l t s .  S i x  problems a r e  chosen: s o l u t i o n  of a non-l inear  
d i f f e r e n t i a l  equat ion ,  computation of a complex t ranscendenta l  
express ion ,  genera t ion  of Bessel func t ions  of t h e  f i r s t  kind,  
s o l u t i o n  of a p a r t i a l  d i f f e r e n t i a l  equat ion,  double i n t e g r a t i o n  
of a func t ion ,  and s imula t ion  of a non-linear feedback c o n t r o l  
system. 
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2. Van de r  P o l ' s  Equation 
I 
Many phys ica l  phenomena can b e  descr ibed  by nonl inear  d i f -  
f e r e n t i a l  equat ions  which a r e  o f t e n  imprac t i ca l  i f  n o t  impossible 
t o  so lve  by hand. Van d e r  P o l  (14) showed t h a t  t h e  behavior  of 
an e l e c t r o n i c  o s c i l l a t o r  could be descr ibed by a nonl inear  d i f -  
f e r e n t i a l  equat ion of t h e  form, 
(1) 
.. 2 x - A(l - x ) A  + B X =  0 
where k and 'x' a r e  t h e  f i r s t  and second d e r i v a t i v e s  of x i n  t i m e  t, 
and A and B a r e  p o s i t i v e  cons t an t s .  A system cha rac t e r i zed  by t h i s  
equat ion  e x h i b i t s  a l i m i t  c y c l e  ( o s c i l l a t i o n  of f ixed  amplitude and 
p e r i o d ) ,  which can be c l e a r l y  observed on t h e  phase p lane  ( a  p l o t  
of k vs x). The l i m i t  c y c l e  i s  due t o  t h e  c o e f f i c i e n t  A ( l  - x ) 
which can become p o s i t i v e ,  zero  or  nega t ive  when t h e  absolu te  
va lue  of x becomes less than,  equal  t o ,  o r  l a r g e r  than one. A t  
a p roper  va lue  of x ,  t h e  o s c i l l a t i o n  becomes s t a b l e .  
2 
I n  o r d e r  t o  compute equat ion (l), one m u s t  g ive  t h e  va lues  
of  c o n s t a n t  B and parameter A. A is  now taken a s  a parameter a s  
t h i s  equat ion  i s  t o  be solved twice,  and each t i m e  t h e  value of A 
i s  d i f f e r e n t  whi le  t h e  va lue  of B remains t h e  same. I n i t i a l  va lues  
of  x and 2, (i .e.  x ( 0 )  and k ( 0 )  a r e  a l s o  taken a s  parameters a s  
t h e i r  v a l u e s  a r e  d i f f e r e n t  f o r  each s o l u t i o n .  Furthermore, t h e  
t i m e  a t  which t h e  computation i s  terminated must be given, and t h e  
p l o t s ,  i f  any, must a l s o  be spec i f i ed .  These va lues  and s p e c i f i -  
c a t i o n s  a r e  a l l  shown i n  Table 1. 
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1 
case ( a )  Case (b) 
1 1 cons tan t ,  B 
parameter,  A . 2  1.5  
i n i t i a l  condi t ion ,  
x ( 0 )  1 3 
( 0 )  0 0 
L 
t e rmina t ion ,  compute u n t i l  t=50 sec.  
p l o t ,  x v s  t and x vs  x 
Once t h e  equat ion and t h e  da ta  a r e  given, we a r e  ready t o  
w r i t e  a Mimic program which i s  shown i n  f i g u r e  1. I n  f i g u r e  1, 
t h e  f i r s t  f i v e  l i n e s  g ive  f i v e  cards  which a r e  t h e  c o n t r o l  cards  
of t h e  M i m i c  program. The l a s t  f i v e  l i n e s  a l s o  give f i v e  c o n t r o l  
ca rds  t o  i n i t i a t e  a p l o t  r o u t i n e  f o r  o f f - l i n e  p l o t t i n g .  Since 
these  c o n t r o l  ca rds  vary with each computer i n s t a l l a t i o n ,  they 
w i l l  n o t  be f u r t h e r  shown o r  discussed.  
I n  a M i m i c  program proper ,  i f  t h e r e  i s  a cha rac t e r  (such a s  
an a s t e r i s k  i n  f i g u r e  1) i n  t h e  f i r s t  p o s i t i o n  of t h e  l i n e  (o r  t h e  
c a r d ) ,  t h e  l i n e  ( o r  t h e  card)  i s  a comment card  f o r  r e fe rence  
purpose.  Therefore ,  t h e  next  t h r e e  l i n e s  and subsequent l i n e s  
which beg in  with an a s t e r i s k  i n  f i g u r e  1 a r e  comment cards .  Com- 
I ment c a r d s  w i l l  a l s o  n o t  be f u r t h e r  mentioned e i t h e r .  
The M i m i c  program i n  f i g u r e  1 i s  now explained a s  fol lows.  
W e  w r i t e  a CON s t a t e m e n t  f o r  t h e  cons tan t  B, 
CON (B) 
where CON i s  a reserved  word of the  Mimic compiler,  and t h e r e  i s  
a d a t a  c a r d  a s s o c i a t e d  with t h i s  statement.  For t h e  t h r e e  above- 
mentioned parameters ,  w e  w r i t e  t h e  PAR s ta tement ,  
PAR (A,  XO, 1DXO) 
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' where XO and lDXO r ep resen t  x ( 0 )  and 2 ( 0 )  r e spec t ive ly .  PAR i s  
a l s o  a reserved word and one d a t a  card f o r  each s o l u t i o n  i s  a s -  
s o c i a t e d  with t h i s  s ta tement .  Let 2DX, lDX, and X r ep resen t ' s ,  
5 ,  and x r e s p e c t i v e l y ,  and move a l l  t h e  t e r m s  of equat ion (1) 
except  t h e  f i r s t  t o  t h e  r i g h t  s i d e  of t h e  equal  s ign .  
have t h e  fol lowing s ta tement:  
W e  then 
2DX = A* 1DX-A* IDX*X*X-B*X 
t o  r e p r e s e n t  equat ion (1). 
g r a t i n g  2DX and 1DX r e s p e c t i v e l y  a s  shown by t h e  following two 
INT s ta tements ,  
And 1DX and X a r e  obtained by i n t e -  
1DX = INT(2DX, 1DXO) 
and x = INT(~DX, xo) 
where INT i s  a reserved  word t o  r ep resen t  i n t e g r a t o r .  
t h e  computation when t h e  t ime exceeds 50 seconds, w e  use t h e  FIN 
s ta tement  , 
To te rmina te  
FIN(T, 50.) 
where T i s  a reserved  word r ep resen t ing  t h e  independent v a r i a b l e  
t i m e .  
a s  a decimal p o i n t  must be p r e s e n t  f o r  each number. To ob ta in  a 
Note t h a t  t h e  decimal p o i n t  i s  r equ i r ed  i n  t h e  number 50.., 
I t a b l e  f o r  t h e  r e s u l t  from t h e  p r i n t e r ,  we  u s e  t h e  OUT statement ,  
~ 
OUT(T,X,lDX) 
where t h e  f i r s t  argument T i s  t h e  independent v a r i a b l e  t i m e .  To 
prov ide  headings f o r  each column of t h e  t a b l e ,  w e  u s e  t h e  HDR 
s t a t emen t  , 
HDR(TIME,X,XDOT) 
where TIME, X, andXDOT a r e  t h e  chosen words f o r  t h e  headings.  T o  
o b t a i n  t h e  two r equ i r ed  p l o t s ,  w e  use two PLO s ta tements ,  
PLO(T,X) 
and PLO (X,  1DX) 
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where T and X r e p r e s e n t s  t h e  absc i s sa  of t he  p l o t s ,  F i n a l l y ,  w e  
u s e  t h e  END statement  t o  te rmina te  the  program. Note t h e  t h r e e  
l i n e s  of numbers a f t e r  t h e  END statement.  These t h r e e  l i n e s  a r e  
t h r e e  d a t a  cards:  t h e  f i r s t  f o r  t h e  CON s ta tement  and t h e  l a s t  
two f o r  t h e  PAR statements .  The CON and PAR s ta tements  a t  t he  
beginning and t h e  END statement  and t h e  d a t a  ca rds  a t  t h e  end of 
t h e  M i m i c  program proper  must be placed i n  t h i s  o rde r ;  o t h e r  
s ta tements  between them can be placed a t  any o rde r  a s  t h e  M i m i c  
compiler h a s  a s o r t  r o u t i n e  t o  order  t hese  s ta tements  i n t o  a 
proper  sequence. 
A s  mentioned be fo re ,  equat ion (1) and t h e  d a t a  i n  Table 1 
r e p r e s e n t  t h e  d a t a  and t h e  s p e c i f i c a t i o n  of t h e  problem f o r  compu- 
t a t i o n .  Compare and note  t h e  c loseness  between t h e  Mimic program 
i n  f i g u r e  1 and t h e  s p e c i f i c i a t i o n  of t h e  program. This c lose -  
nes s  between t h e  programming language and t h e  u s e r ' s  language may 
be a measure of s i m p l i c i t y  of t h e  programming language and degree 
of t h e  r equ i r ed  programming e f f o r t .  
The r e s u l t s  of t h e  s o l u t i o n s  a r e  shown i n  f i g u r e s  2 through 
6,  F igure  2 shows p o r t i o n  of t h e  t a b l e  of r e s u l t s  due t o  t h e  . 
OUT s ta tement ,  where t h e  va lues  of  t he  parameters a r e  a l s o  shown. 
The t i m e  responses  f o r  t h e  two s o l u t i o n s  a r e  shown i n  f i g u r e s  3 
and 4 ,  and t h e  phase p l ane  p l o t s  a r e  shown i n  f i g u r e s  5 and 6. 
The s c a l i n g  and l a b e l i n g  of t hese  p l o t s  a r e  done au tomat ica l ly  
by t h e  p l o t  r o u t i n e  i n  t h e  Mimic Compiler. 
show t h a t  t h e  system has  a s t a b l e  l i m i t  cyc l e  s ince  t h e  pa ths  con- 
verge  t o  a s i n g l e  c losed  pa th  i n  the  p lane ,  and t h e  t i m e  response 
p l o t s  show t h e  o s c i l l a t i o n s  reach a f ixed  amplitude and per iod .  
For  t h e  s o l u t i o n  where t h e  va lue  of A i s  smal le r ,  t h e  l i m i t  cyc le  
i s  n e a r l y  c i r c u l a r  ( f i g .  S ) ,  and t h e  o s c i l l a t i o n  i s  nea r ly  s i -  
n u s o i d a l  ( f i g .  3 ) .  For t h e  s o l u t i o n  with a l a r g e r  value of A, 
the l i m i t  c y c l e  i s  no longer  c i r c u l a r  ( f i g .  6) , and t h e  oscil- 
The phase p l ane  p l o t s  
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l a t i o n  i s  n o t  q u i t e  s i n u s o i d a l  ( f i g .  4 ) .  
The s ta tement  i n  f i g .  1 except  t h e  comment st 'atement con- 
s is ts  of one o r  two f i e l d s .  Statements such a s  CON, PAR, F I N ,  
HDR, OUT, PLO, and END have only the  expression f i e l d .  The t h r e e  
a l g e b r a i c  s ta tments  i n  f i g .  1 have an a d d i t i o n a l  R e s u l t  Name 
f i e l d .  A s  mentioned before ,  t h e r e  is  a t h i r d  f i e l d ,  c a l l e d  t h e  
Logical  Cont ro l  Variable  Name f i e l d .  A statement with a l o g i c a l  
c o n t r o l  v a r i a b l e  becomes a cond i t iona l  s ta tement .  A n  example of 
us ing  t h e  l o g i c a l  c o n t r o l  v a r i a b l e  i s  now shown. 
~ 
1 
I 
I n  us ing  an OUT s ta tement  t o  obta in  a t a b l e  ou tpu t ,  t h e  
t i m e  i n t e r v a l  t o  p r i n t  each e n t r y  of t h e  t a b l e  i s  au tomat ica l ly  
chosen by M i m i c  compiler t o  be 0 .1  second, i f  it i s  no t  spec i -  
f i e d .  This  t i m e  i n t e r v a l  i s  c a l l e d  DT, a reserved word. For 
example, no DT i s  s p e c i f i e d  i n  t h e  program i n  f i g .  1; thus ,  t h e  
d i f f e r e n c e  be tween two ad jacen t  numbers i n  t he  f i r s t  column of 
f i g .  1 i s  0 . 1  second. However, t h e  value of DT can be s p e c i f i e d  
by us ing  a CON o r  PAR s ta tement  o r  by an equal  statement.  (see 
f i g .  7 )  The above s i t u a t i o n  a l s o  a p p l i e s  t o  PLO statement:  i n  
t h i s  ca se ,  it i s  t h e  t i m e  i n t e r v a l  between two adjacent  p l o t t i n g  
p o i n t s .  
NOW, t h e  l o g i c a l  c o n t r o l  v a r i a b l e  can be .sed t o  g ive  d i f -  
f e r e n t  v a l u e s  of DT dur ing  d i f f e r e n t  t i m e  per icds .  For example, 
one may r e q u i r e  more e n t r i e s  o r  p o i n t s  during t h e  i n i t i a l  per iod  
of a t r a n s i e n t  response,  less e n t r i e s  o r  p o i n t s  a s  t h e  response 
approaching a s teady  s ta te ,  and a few e n t r i e s  o r  p o i n t s  a s  t h e  
response  a r r i v i n g  a t  a s teady  s t a t e .  As an example, t h e  Mimic 
program i n  f i g .  1 i s  r e w r i t t e n  so t h a t  DT i s  0 .1  second when t 
i s  less than  one second. DT i s  1 second when t i s  equal  t o  o r  
l a r g e r  t h a n  1 second b u t  less than  10 t-:onds. And DT i s  10 
second,c. when t i s  equal  t o  o r  l a r g e r  than 10 seconds. The r e -  
w r i t t e n  progrE7 i s  shown i n  f i g .  7 where l o g i c a l  c o n t r o l  v a r i a b l e s  
- 9 -  
D1, D 2 ,  and D3 c o n t r o l  t h r e e  va lues  of DT. These l o g i c a l  c o n t r o l  
v a r i a b l e s  a r e  determined by l o g i c a l  r e l a t i o n s  among v a r i a b l e s  C1, 
C 2 ,  and C 3  which r ep resen t  t h e  time a t  l ess  than 1 second, a t  less 
than 10 seconds,  and a t  l a r g e r  than o r  equal  t o  10 seconds respec-  
t i v e l y .  These r e l a t i o n s  and r ep resen ta t ions  a r e  s p e c i f i e d  by FSW, 
AND, and NOT s ta tements  a s  shown i n  f i g .  7 .  The t a b l e  ou tpu t  of 
t h i s  program i s  shown i n  f i g .  8, where t h e r e  a r e  only 29 y e t  ade- 
qua te  e n t r i e s  i n s t e a d  of poss ib ly  a t a b l e  with pages of en t r i e s .  
- 9a - 
I SEXECUTE ISJOB 
S IO CHU *305/65/020*3M* 
SIRJOR FYOCS 
SIBLDR MIMIC L I R E  
SDATA 
+**PROBLEM NOal***SOLUTfON OF VAN DER POLeS EQUATION * 
CONfB) 
P A R ( A g X O ~ l O X 0 )  * 
20x A*lOX-A*lOX*X*X-B*X 
1DX 8 I N T ( 2 D X , l O X O )  
X I N T ( l D X s X 0 )  
U 
F I N ( f r 3 0 0 )  
HDR ( T 1ME 9 X r XDOT 1 
HOR 
OUT (1 9X 9 1DX 1 
PLOt T 9 X 1 
P L O ( X s l 0 X )  
E N 0  
* 
* 
* 
1 .O 
0.2 1.0 0.0 
1.5 3.0 000 
S EX €CUT E 
t 
I9 JOB I S I 0  CHU b305/65/020*3M* 
' SIBJOR COgNOSOURCE~FIOCS I SIBLOR MMPLOT L r e E  
Figure 1, Mimic Program f o r  Problem Nb, 1 
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,E\ 
2.30000E-01 
T I  Y E  
3 .  
1.03300E-01 
2.00000E-01 
3 . G O O O O E - 0 1  
4.00000E-01 
5.03000E-01 
5 . O O O O O E - 0 1  
7.00300E-01 
, do00000E-01 
9 . 0 0 0 0 0 t - 0 1  
1 . O O O O O E  0 0  
1.10300E 0 0  
1020000E 00 
Lo30000E 0 9  
1.43003t  0 3  
1.53300E 0 3  
L.60000E 00 
1.70000E 0 2  
1o80000C 0 3  
1.90000E 00  
2.00000E 00 
2.10000E 0 3  
L .20300E 00  
2030000E 00  
2040000E 0 0  
, 2050303E 0 3  
2.60000E 03  
2.70000E OS 
L . 8 0 3 0 0 E  03 
2o90000E 00  
3e00000E 03  
3.10000E 0 3  
3.20000E 0 0  
3.30000E 0 0  
3.40300E 0 3  
3.533005 0 0  
3.60000E 00  
3.70000E 00 
3.80000E 0 3  
309000GE 00 
4.03303E G'J 
4.13300E 0 3  
4.20000E 0 3  
4o30UOOE 00 
4.40000E 03 
4 .50000E 0 3  
4.60000E 00 
4.70000E 0 0  
4.80000E 0 3  
4.90000E 0 0  
5.00000E 0 3  
5.10000E 00  
5.20000E 00 
So30000E 00 
xo  
1-00000E 00 
X 
1-00000E 00 
9.95004E-01 
9m80063E-01 
9055313E-01 
9.20963E-01 
8m77289E-01 
8m24624E-01 
7o63353E-01 
6.93905E-01 
6.16762E-01 
5o32454E-01 
4.41571E-01 
3.44765E-01 
2 . 42 765E-01 
1036381E-01 
2.65155E-OL 
-8058305E-02 
-1e99558E-01 
-3 -13473E-01  
-4026296E-01 
-5-36682E-61 
-6043250E-01 
- 7 -  44609E-01 
-8 33404E-01 
-9 26  3 S 3 E-0 1 
-1000428E 00 
-100721SE 00  
-1m12917E 00 
-1017461E 00 
-1.20802E 00 
-1022912E 0 0  
-1.2377RE 00 
-1023405E 00 
-1.21809E 00 
-1019017E 00  
-10150635 00 
-1.09989E 0 0  
-1.03R38E 0 0  
-9066596E-01 
-8.85048E-01 
-7.942795-01 
-6094869E-Oi  
-5e87444E-01 
-4072695E-01 
- 3 0  51392E-01 
-2024406E-01 
-9027277E-02 
4.25155E-02 
1.80043E-01 
3o18443E-01 
4 56129E-01 
5.91412E-01 
7 2 2 5 1  4E-0 1 
8.47621E-01 
1 D X G  
0. 
X D O l  
U. 
-3-98384E-02 
-1.98748E-OL 
-2095912E-01 
-3.90628E-01 
- 4 0  82289E-01 
-5070361E-01 
-6.54355E-01 
-7.33794E-01 
-8.081BSE-01 
-8-76987E-01 
-9.39534E-01 
-3.95310E-01 
-1.0433'3E 0 0  
-1.08283E 0;)  
-1 .112dlE 0 3  
-1013223E OU 
-1.14028E 00 
-1.13588E U O  
-1011833E 0 0  
-1.08709E 00 
-1o04193E 00 
-3082985E-01 
-9010776E-01 
-8.26242E-01 
-7030585E-01 
-6 s 257 11 E - 0 1  
-5,131366-01 
-3.94876E-Ci 
-2072840E-91 
-1o48834E-01 
-2.44025E-02 
3.88180f-02 
2.19919E-OL 
3.37918E-01 
4.52127E-01 
5.62041E-01 
6 672 78E-0 1 
7.67533E-01 
8.62515E-OL 
9.51698E-01 
1 .03527 i  G O  
1m11208E 00 
1.18162E 00 
1.24299E 00 
1029508E 00 
1.336615 00 
1.36613E 90 
1.38214E 00 
1.38313E 0 0  
1.36775E 00 
1.33494E 00 
1 . 2 8 4 0 7 E  00 
1.21507E 00 
T I & .  3, Time response of van der 
Pol's equatior f o r  A=0.2 
F I GURE 1 - 1  
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***PROBLEM NOelA**SOLUTION OF VAN DER POLtS EQUATION * 
CONtB) 
PAR ( A  9 x 0 ,  10x0) I *  D 1  DT = .1 
02 DT = 1. 
03 D t  = 10. 
% 
Dl = c 1  
0 2  = A N D ( C Z t N O T ( C 1 ) )  
03 = A N D ( C 3 r N O T ( C l )  9 N O l ( C 2 ) 1  
c1 =I FSW(T-1.9 TRUE,FALSEIFALSEI 
c2 F S W ( T ~ 1 0 . r T R U E t F A L S E ~ f A L S E )  
c3 = N O T ( C 2 )  4 
i+ 
* 
2DX a A*lPX-A*lDX*X*X-B*X 
1DX = I N T ( 2 D X v l D X O )  
X t I N T ( l D X t X 0 )  
HOR ( T TME 9 X t XDOT ) 
HDR 
O U T ( T , X , l D X )  * 
. END 
1.0 
1.5 
0.2 
Figure 7 ,  Mimic Program f o r  Problem No. 1 A  
- 9h - 
A 
2.00000E-01 
T I Y E  
0. 
A.OOOO3E-01 
2000000E-01 
3 . 0 0 0 0 0 E ~ O l  
4.00000E-01 
5.00000E-01 
6o00000E-01 
7.00000E-01 
8.00000E-01 
3.00000E-01 
1.Ci0000E 00 
2.00000E 00 
3 e O O O O O f i  03  
4.00000E 03  
5.00000E 00 
6.00000f  00 
7.00000E 03  
8 .OOOOOE 0 3  
9e00000E 00 
1.00303E 0 1  
2.00003E 0 1  
3e00000E 01 
4e00000E 01 
5o00000E 01 
6e00000E 01 
7o00000E 0 1  
8e00000E 01 
3o00000E 01 
1~00000E 02  
xo 
1 ~ 0 0 0 0 0 E . 0 3  
X 
1*00000E 09 
9o95004E-01 
9-80063E-01 
9055313E-01 
9.20953E-01 
8.77289E-01 
8-24624E-01 
7-63353E-01 
6-93905E-01 
6o16762E-01 
5 e 32 4 54E-0 1 
-5e36682E-01 
-1e22912E 00 
-7e94283E-01 
4,56126E-01 
1 -42421E 00 
1.07102E 00  
-2099046E-01 
-1o55026E 00 
o l e 3 3 2 8 7 6  00 
7e25612E-01 
3e22739E-01 
-1e37422E 0 3  
1095387E 00 
-1e89276E 0 0  
1o34421E 00 
-4,49562E-01 
-6.51746Ee01 
1.60941E 00 
10x0 
3 .  
X D 3 T  
3. 
-9.98384E-02 
-1e98748E-01 
-2.95912E-01 
-3.90628E-01 
-5.70361E-01 
-7.33794E-01 
-4e82289E-01 
-5054355E-01 
-8008185E-01 
-8.76987E-01 
-1.08709E 00 
-1.48837E-01 
3.51898E-01 
1.36776E 00 
3.47235E-01 
-9.70920E-01 
-1e60171E 00 
-5.94221E-01 
3 .28230E-01  
-1 .69192i  00 
2.03610E 0 0  
4.4653OE-O 1 
-1.33927E 00 
-2.01458E 00  
1,30475E 00 
-1.60221E 0 0  
5008337E-OL 
1.87068E 00 
-. 
Fig, 8 ,  T -ble output for Problem No. 1 A  
r) 
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3. Antenna Radiat ion P a t t e r n  
The computation of t h e  r a d i a t i o n  p a t t e r n  of an antenna (14) 
I 
l i s  o f t e n  a t ed ious  t a sk .  This problem i s  t o  show t h a t  M I M I C  can 
perform such a computation and p l o t  r a d i a t i o n  p a t t e r n  j u s t  a s  
w e l l  a s  so lv ing  a d i f f e r e n t i a l  equation. 
A four-element binomial a r r a y  with a given element spacings 
i s  t h e  chosen antenna a r ray .  
p a t t e r n  of t h i s  a r r a y  where t h e  c u r r e n t  i n t e n s i t i e s  fol low a 
binomial  d i s t r i b u t i o n .  The r a d i a t i o n  i n t e n s i t y  of t h i s  a r r a y  i s  
given by, 
It i s  r equ i r ed  t o  compute r a d i a t i o n  
- 
1 exp r j2n (d2/A) sine E ( O )  = I1 exp [ j2n(dl/h)-sin@] + I2 L 
exp j2rr(d /A) s i n e  exp[ j 2 n  (d4/nj sine] ( 2 )  
+ I3 [ -  3 
I when h i s  t h e  wavelength,  8 i s  t h e  angle  between a d i r e c t i o n  l i n e  
and t h e  normal t o  t h e  a r r a y  p lane  d ' s  a r e  e l emen t  spacings from 
an a r b i t r a r y  r e fe rence  and I i s  t h e  c u r r e n t  i n t e n s i t y  i n  t h e  i t h  
e l emen t .  The r e a l  p a r t  R of t h e  E ( @ )  i s ,  
1 
1 
R1 = I C + 1 2 C 2  + 13C3 + 14C4 1 1  
I and t h e  imaginary p a r t  R 2 i s ,  
R 2 = 1 S  + 1 S  + I S  +14S4 1 1  2 2  3 3  
where C = COS r2n (d . /h ) s ine ]  
i L 1 
and s i = s i n  [2n (d . /h ) s ine ]  1 
and t h e  magnitue R of the E(@) is ,  
(3) 
(4) 
(5)  
( 7 )  
- 11 - 
cons t a n  t s , 
parameters  , 
t e rmina t ion ,  
p l o t ,  
The r a d i a t i o n  power PWR i n  db i s ,  
I 
PWR = 20 loglOR 
I1 = 1 
I2 = 2 
I3 = 2 
I4 = 1 
d / h = O  1 
d2/h = 1 
d / h  = 2  
d4/h = 3 
compute from e=o t o  e=i80° 
3 
PWR vs e 
L 
Table 2 ,  Data f o r  computation of antenna r a d i a t i o n  p a t t e r n  
A M i m i c  program f o r  computing the  magnitue and power of t h e  
r a d i a t i o n  by us ing  equat ions  ( 2 )  through (8) and t h e  d a t a  i n  Table 2 
i s  shown i n  f i g ,  9, Equivalent  symbols are shown i n  Table 3 f o r  
t hose  i n  t h e  program t h a t  d i f f e r  from those  i n  t h e  equat ions.  N o -  
t i c e  i n  t h e  program t h e  use of SIN, COS, SQR, and LOG s ta tements  
f o r  o b t a i n i n g  s i n e ,  c o s i e ,  square-root ,  and logari thm of an argu- 
ment. Also n o t i c e  t h e  a l g e b r a i c  expressions which a r e  l i m i t e d  t o  
o p e r a t o r s  of +, -, *, and / ( add i t ion ,  s u b t r a c t i o n ,  m u l t i p l i c a t i o n  
and d i v i s i o n  r e s p e c t i v e l y ) .  The r a d i a t i o n  p a t t e r n  i s  shown i n  t h e  
p l o t  of  f i g .  10 f o r  an angle  from 0 t o  180 degrees.  
- 12 - 
Table 3. Equivalent s a  
Program symbols 
Ii 
Di 
Ci 
Si 
THETA 
T 
L 
equation symbols 
i I 
d./A 
1 
cos(2rr (d./A) sine) 
1 
sin(& (d./A) sine) 
8 in radians 
1 
8 in degrees 
rr sine 
- 12a - 
***PROBLEM N0.2***COMPUTATION OF ANTENNA R A D I A T I O N  PATTERN * 
C O N ( I l , I 2 i f 3 ~ 1 4 )  
P A R ( D l , D 2 g 0 3 ~ 0 4 )  I *  
THETA = T * 3 . 1 4 1 6 / 1 8 0 0 0  
L = 6 o 2 8 3 2 * S I N ( T H E T A )  * 
c1 = C O S ( D l * L )  
c2 = C O S ( D 2 * L )  
C 3  = COS(O3*L)  
c4 = COS(D4*L)  
s1 = S I N ( D l * L )  
S 2  = S I N ( D Z + L )  
5 3  = S I N ( D 3 * L I  
54 = S I N ( D 4 * L )  
***REAL PART OF R A D I A T I O N  I N T E N S I T Y  
* 
* 
R 1  = ( I ~ * C ~ + I ~ + C ~ + I ~ * C ~ + I ~ * C ~ ~ / ~ O O  * 
*** IMAGINARY PART OF R A D I A T I O N  I N T E N S I T Y  
R2 = (I1*S1+12*S2+13+S3+I4*S4)/6~0 * 
***MAGN?TUDE OF R A D I A T I O N  I N T E N S I T Y  
R = S Q R ( R l * R l + R 2 * R Z )  * 
* * * R A D I A T I O N  POWER I N  00 
PWR = 2000*LOC(R~1000~ * 
FIN ( T g  180 0 0 )  
H D R ( b R 9 P W R )  
HDR 
OUT (T,R, PWR) 
b PLO(T9PWR) 
END 
2.0 2.0 
1.0 2.0 
1.0 
0.0 
1.0 
300  
F i g u r e  9 ,  Mimic Program for Problem No. 2 
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4 .  Generation of Bessel Functions of t h e  F i r s t  Kind 
I t  i s  w e l l  known t h a t  t h e  Bessel func t ion  of the f irst  k ind  
J ( t )  may be def ined  a s  a s o l u t i o n  of t h e  fol lowing second-order 
n 
I d e f e r e n t i a l  equat ion  ( 1 5 ) .  
where n i s  the o r d e r  of B e s s ’ e l  func t ion .  The s o l u t i o n  of t h i s  
equat ion  i s  a well-known series with i n f i n i t e  terms. This series 
can g ive  t h e  i n i t i a l  cond i t ions  of Bessel func t ions  of n t h  and 
lower o r d e r s  w h i c h  a r e  l i s t e d  below, 
J ( 0 )  = 0 
0 
J1(0) = 0 ,  
J2(o) = J 3 ( 0 )  = ... = 0 ,  
J 1 ( 0 )  = 0.5 
J2(o) = J 3 ( 0 )  = ... 0 
I n  t h e  case  of n equal  t o  0, i t  i s  p o s s i b l e  t o  genera te  J o ( t )  
by s o l v i n g  equat ion  ( 9 )  on an analog computer (16 ,17) .  For analog 
gene ra t ion  of Bessel func t ions  of first and h ighe r  o rde r s ,  it i s  a t  
best i n a c c u r a t e  i f  impossible because d i v i s i o n  of the independent 
v a r i a b l e  t a t  t equal  t o  0 i s  requi red  i n  equat ion ( 9 ) .  Since in-  
i t i a l  c o n d i t i o n s  o f  ( n + l )  d e r i v a t i v e s  of Bessel func t ion  of  n th  
o r d e r  are a v a i l a b l e ,  it h a s  been shown (18) t h a t ,  i f  equat ion 9 i s  
d e f e r e n t i a t e d  n t i m e s ,  s o l u t i o n  of the r e s u l t i n g  (n+2) th  o rde r  
d e f e r e n t i a l  equat ion  can genera te  B e s s e l  func t ion  of n th  or lower 
o r d e r  w i t h  t h e  use of  t h e  a v a i l a b l e  (n+2) i n i t i a l  condi t ions .  
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+**PROBLEM NOo3**+GENERATfON OF BFSSFL FUNCTTONS OF fHF F T R S T  K I N D  * 
J O  = f N T ( - J 1 , 1 0 0 1  
J1 ’ = INT(JO-KO,Oo)  
J2 = T N T f J l - K l ~ O o ~  
J3 = I N T f J 2 - K Z , O o )  
J4 = I N f ( J 3 - K 3 * 0 o )  
i 
* 
* 
K O  = J l / T  
K 1  = t o * J t / f  . 
K2 = 3 o * J 3 / f  
K3 = 4 o * J 4 / T  
F I N f T e 1 6 0 1  
HDRfTIMEvJ 
HDR 
Fig. 11, Mimic Program for Problem No. 3 
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Another p o s s i b l e  and simple method i s  based on the u s e  of the  
fol lowing known recur rence  r e a l t i o n  (17), 
I 
Which pe rmi t s  genera t ion  of J i f  J i s  a v a i l a b l e .  For example, 
i f  n i s  equal  t o  4, t h e  fol lowing s e t  of equat ions  can be obta ined  
n n-1 
from equat ion  (11): 
1 
jl(t) = Jo( t )  - - J l ( t )  
L 
L 
S o l u t i o n  of  t h i s  set  o f  f irst-order d e f e r e n t i a l  equat ions  can g ive  
B e s s e l  f u n c t i o n s  of  4 t h  and lower o rde r s .  
A M i m i c  program which so lves  t h i s  s e t  of equat ions  i s  shown 
i n  f i g .  11 by us ing  i n i t i a l  cond i t ions  ( 1 0 ) .  The problem of 3 
d i v i d i n g  ze ro  by zero  i n  equat ions  ( 1 2 )  a t  t equal  t o  0 i s  handled 
' by t h e  compiler  a s / i n i t i a l  condi t ions  which a r e  s p e c i f i e d  i n  the 
I N T  s t a t emen t s  are used f o r  the f i r s t  i t e r a t i o n .  A p l o t  showing 
B e s s e l  f u n c t i o n s  of the f i r s t  k ind  for  n equal  t o  0 through 4 i s  
shown i n  f i g .  1 2 .  Notice t h a t  a l l  J ' s  have t h e  i n i t i a l  va lues  of 
z e r o  e x c e p t  J which h a s  an i n i t i a l  va lue  of 1. 
0 
I I I I I I I 1 1 
02' O t  ' 01 -- oe -- OE -- eroo" oh' - K$JAS) ( -  S' 
I I I I I I 
I I I 1 I 1 
9' oh' 
I I I I 1 I I 
I I 1 
00'1 09' M' 00 -- at -= m -- 
00 -- 02 -= OB -- 08 -- 00.1- 
m.1 00-1 OB' at -- 09 -- W't- 
zr 02' 
I F -  
or Ot' 
- d b A S 1  ( -  
(-, 
( -  
-1 
I I 1 
*SI 
9-- *klS, 
I 1 -2 
- 1 5  - 
5. One-dimensional Heat. Flow. E-qu-ation 
Analog computer has  been used t o  so lve  p a r t i a l  d i f f e r e n t i a l  
equat ion,  
t h i n ,  uniform rod which i s  i n s u l a t e d  on a l l  s i d e s  except  one end 
(say ,  l e f t  end of t h e  r o d ) .  As shown elsewhere (18-21), t h e  
temperature d i s t r i b u t i o n ,  a s  a func t ion  of t i m e  t, of t he  rod 
can be descr ibed  by t h e  fol lowing one-dimensional p a r t i a l  d i f -  
f e r e n t i a l  equat ion which i s  pa rabo l i c ,  
Consider t h e  one-dimensional h e a t  f low i n  a long, 
I 
I 
where x i s  t h e  d i s t a n c e  measured from t h e  l e f t  end, T t h e  temper- 
a t u r e ,  k t h e  thermal conduct iv i ty ,  c t h e  s p e c i f i c  h e a t ,  and p t h e  
d e n s i t y  of t h e  rod. Both x and T a r e  independent va r i ab le s .  
S ince  both  x and T a r e  t h e  independent v a r i a b l e s ,  it i s  n o t  
p o s s i b l e  t o  s imula te  t h e  p a r t i a l  d i f f e r e n t i a l  equat ion e x a c t l y  
on an analog computer a s  t i m e  i s  t h e  only independent v a r i a b l e  
a v a i l a b l e  i n  an analog computer. By us ing  f i n i t e  d i f f e r e n c e  t o  
approximate t h e  p a r t i a l  d e r i v a t i v e  i n  x ,  equat ion (13) can be 
changed i n t o  t h e  fol lowing system of f i r s t - o r d e r  ord inary  d i f f e r -  
e n t i a l  equat ions .  L e t  t h e  rod of length L be divided i n t o  20 
equal  increments  of l e n g t h d x .  W e  then have, 
T = f ( t )  
P 
dTl/dt = B ( T 2  - 2T + To) 
dT2/dt = Z ( T 3  - 2T2 + T1) 
1 
dTlg/dt = i3(T20 - 2T19 + T18) 
d T 2 g / d t  = Z(2T19 - 2T20) 
2 
where B = k/cp(Ax) 
and A X  = L/20 
~- 
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# 
Qunatity Value 
L 1 ft. 
k 2.4 btu/min-ft- F 0 
Function f(t) is the temperature applied at the uninsulated end 
of the rod, and T ' s  are the temperatures at the ends of each 
increment. 
vides an approximate solution when they are solved simultaneously. 
And this solution describes the temperature as a function of time 
at finite increments of distance along the rod. 
I i 
The above set of ordinary differential equations pro- 
I 
le 4 -  nata for one-dimensional heat flow simulation 
0.2 btu/lb-OF 
150 lb/ft3 
To simulate the heat flow in the rod, we assume that the rod 
0 is initially at 0 F and a heat source at 120°F is applied at t 
equal to 0 to its left end. Chosen values of other constants are 
shown in Table 4. The Mimic program is shown in fig. 13 which 
consists essentially of the 20 INT statements. Fig. 14 is the 
transient response where the temperature at the ends of 5th in- 
crement,*lOth increment, 15th increment, and the right end of the 
rod are shown. 
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***PROBLEM N O o 4 * * * 0 N E - D I M E N S I O N A L  H F A T  FLOW * 
L = 1. 
K = 2.4 
, C = 0.2 
P = 150. 
D E L T A X  = 1 0 / 2 0 0  
Z = K / ( C * P + D E L T A X * @ E L T A X )  
IC = bo  
TO = 120. 
T 1  = I N T ( Z + ( T 2  - 2 o * T 1  +TO ) * I C )  
T 2  = I N T ( Z * ( T 3  - 2 o * T 2  + T 1  ),IC) 
T 3  = I N T f Z * ( T 4  - 2 o * T 3  + T 2  ),IC) 
T 4  = I N T ( Z * ( T 5  - 2 o * T 4  + T 3  ),IC) 
1 5  = I N T ( Z * ( T 6  - 7 o * T 5  + T 4  )rfC) 
T 6  = f N T ( Z * ( T 7  - 2 o * T 6  + T 5  )rfC) 
T 7  = I N T f Z * I T 8  - 2 o * T 7  + T 6  ),IC) 
T 8  = I N T l Z * ( T 9  - 2 o * T 8  + T 7  ) , I C )  
T 9  = I N f f Z + ( f 1 0 - 2 o * T 9  + T 8  ),IC) 
T 1 0  = I N T ( Z * f T l l - 2 o * T 1 0 + T 9  ),IC) 
T 1 1  = I N T ( Z + ( T 1 2 - 2 o * T l l + T l O ) , T C )  
T 1 2  = I N T ( Z * ( T ~ ~ - ~ O * T ~ ~ + T ~ ~ ) , I C )  
T 1 3  = I N T ~ Z + ~ T ~ ~ - ~ O + T ~ ~ + T ~ ~ ~ ~ I C ~  
T 1 4  = INT(Z+(Tl5-2o+T14+Tl~)~IC) 
T 1 5  = I N T ( Z * ( T ~ ~ - ~ O * T ~ ~ + T ~ ~ ) ~ I C )  
* 
END 
E g o  13, ~ m i c  Program for Problem NO. 4 
- 16B - 
R 8 
E;' d F I GURE 
F i g .  14,  Plot  for one-dimensional 
heat flow 
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6. Double i n t e q r a t i o n  of a func t ion  
As mentioned, t h e r e  e x i s t s  only one independent v a r i a b l e  i n  
an e l e c t r o n i c  analog computer. Double i n t e g r a t i o n  of a func t ion  
impl i e s  t h a t  t h e r e  e x i s t  two independent v a r i a b l e s .  
t h e  volume of a sphere with a u n i t y  r ad ius ,  V, can be expressed 
a s  below, 
For example, 
where x and y a r e  t h e  d i s t a n c e  along X and Y coord ina tes  whose 
o r i g i n  i s  l o c a t e d  a t  t h e  c e n t e r  of t he  sphere.  This  i n t e g r a t i o n  
can be a n a l y t i c a l l y  eva lua ted  and the  exac t  volume of t h e  sphere 
i s  4n/3. 
The above express ion  can be r e w r i t t e n  i n t o ,  
V = 4nS1 Y .  dx 
0 1 
Since  b o t h  x and y a r e ' t h e  independent v a r i a b l e s ,  it i s  n o t  pos- 
sible t o  perform bo th  i n t e g r a t i o n s  on an analog computer. An 
a l t e r n a t i v e  method h a s  been repor ted  ( 2 2 )  . Another a l t e r n a t i v e  
i s  t o  have one of t h e  t w o  i n t e g r a t i o n s  performed by a numerical  
method: t h i s  i s  t h e  approach taken here .  
Expression (18) i s  t o  be i n t e g r a t e d  numerically.  L e t  t h e  
r a d i u s  a long  t h e  X a x i s  be d iv ided  i n t o  s i x  equal  increments.  
L e t  h be the increment,  which i s  then equal  t o  1/6. Various 
numerical  methods of i n t e g r a t i o n  a re  a v a i l a b l e .  
- 18 - 
Method I n t e g r a t i o n  formula Resul t  
Exact v = 4n/3 4.18880 
Zuler  v = (Y0+Y1+Y2+Y3+Y4+Y5) (4nh) 4.68316 
Simpson v = (yo4yl+2y2+4y3+2y4+4y5+y6) (4nh/3) 4 18858 
= (y  +5y +y +6y3+y4+5y5+y6) (4n) (3h/10)4-18858 Weddle V 
0 1 2  
- 
1 
Three i n t e g r a t i o n  methods (23-25) a r e  s e l e c t e d  and t h e i r  formulas 
a r e  shown i n  Table 5. I n  eva lua t ing  express ion  (17), t h e  va lues  
of x must be known, and then t h e  i n t e g r a t i o n  l i m i t s  y a r e  com- 
puted  and shown below, 
i i 
xo= Oh = 0,  Yo= /1q*= 1 
x = l h  = 1/6, 1 
(26) 
x2= 2h = 2/6, 
x3= 3h = 3/6, 
x4= 4h = 4/6, y4= f i / 6  
x5= 5h = 5/6, 
The M i m i c  program f o r  eva lua t ing  t h e  express ions  (18) and (19) 
i s  shown i n  f i g .  15 when T r ep resen t s  v a r i a b l e  y. Notice t h a t  t h e  
i n t e g r a t i o n  Y ' s  a r e  terminated by making t h e  in tegrands  DY equal  
t o  0 a t  t h e  proper  t e rmina t ing  time T by means of FSW statements .  
Logical c o n t r o l  v a r i a b l e  S i s  t o  make t h e  computation of volume 
done on ly  when v a r i a b l e  T i s  a t  the  t e rmina t ing  value of un i ty ,  a s  
t h e r e  i s  no need t o  compute t h e  volume a t  any o t h e r  t i m e .  The 
i i 
i 
- 19 - 
r e s u l t s  a r e  a l s o  shown i n  Table 5.  Notice t h a t  Simpson and Weddle 
i n t e g r a t i o n  formulas g ive  a r e s u l t  accura te  t o  f i v e  d i g i t s .  And 
be t te r  accuracy can be r e a d i l y  obtained by d i v i d i n g  t h e  r a d i u s  i n t o  
more increments.  
- 19a - 
Fig. 15, Ntm5.c Program for Problem No. 5 
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7 .  Simulation of R e l a y  Servos 
A r e l a y  servo (26-28) i s  a feedback c o n t r o l  system i n  which 
t h e  c o r r e c t i v e  power t o  t h e  motor o r  load i s  appl ied  discont inuously.  
Because t h e  c o r r e c t i v e  power i s  operated a t  f u l l  power, t h e  re- 
l a y  servo responses r ap id ly .  
r e l a y  servo  i s  a t t r a c t i v e ,  provided t h a t  t h e  requirements i n  s t a t i c  
accuracy, s t a b i l i t y ,  and t r a n s i e n t  performance can be m e t .  
The s i m p l i c i t y  and economy of a 
The c h a r a c t e r i s t i c  of t h e  r e l a y  i s  very important i n  determining 
t h e  s t a b i l i t y  and accuracy of t h e  servo. 
of  re lay  c h a r a c t e r i s t i c s  a r e  shown i n  f i g u r e  16. Note t h a t ,  i n  
t h e s e  c h a r a c t e r i s t i c s ,  t h e r e  are no more than t h r e e  c o r r e c t i v e  l e v e l s :  
a p o s i t i v e  maximum, zero,  and a negat ive maximum. 
Four most common types 
Four r e l a y  servos a r e  simulated t o  i l l u s t r a t e  t h e  technique 
i n  s imula t ing  nonl inear  c o n t r o l  s y s t e m .  Each of these  four  servos 
i s  a l i n e a r ,  second-order servo,  but each i s  incorporated with one 
6 ( a )  l i n e a r  second-order servo 
6 ( b )  s e rvo  wi th  a simple r e l a y  
of  t h e  f o u r  types  of r e l a y s .  F o r  comparison purpose,  t h e  l i n e a r  
f ig .  18 f i g .  19  f i g .  20 
f i g .  2 1  f i g .  22  f i g .  23 
servo  i s  a l s o  simulated.  These f i v e  cases  a r e  l i s t e d  i n  Table 6. 
6 ( c )  s e rvo  wi th  a dead space 
i n  t h e  r e l a y  
6 ( d )  s e rvo  wi th  h y s t e r e s i s  
i n  t h e  r e l a y  
The block diagram of t h e  r e l a y  servos 
f ig .  24 
f i g .  27 
f i g .  25 
f i g .  28  
f i g .  31 
f i g .  26 
f i g .  2 9  
f i g .  3 2  
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Table 7 .  Values ot Constants  and Parameters f o r  Simulation 
0 
0 
0 
0 
Para eters qz= 
1.5 
1.5 
1.5 
1.5 
i s  shown i n  f i g .  17. 
diagram. 
Two r e l a t i o n s  are apparent  from t h e  block 
E = Y - X  ( 2 1 )  
x =  A 
A(BS+l) 
where X and Y are r e s p e c t i v e l y  the i n p u t  and o u t p u t  of the servo,  
and E (error s i g n a l )  and G are re spec t ive ly  t h e  inpu t  and out- 
p u t  ot t h e  r e l a y .  A i s  t h e  gain or the loop, without  t h e  r e l a y ,  
and B the t i m e  cons t an t  of t h e  motor. The above t r a n s r e r  funct ion 
X/G can be r e w r i t t e n  i n t o ,  
2 
S X = - SX/B + G * A / B  ( 2 3 )  
For each of t h e s e  cases, inpu t  Y i s  taken t o  be zero,  b u t  
o u t p u t  X i s  i n i t i a l l y  d i sp l ace :  thus ,  X i s  e q u a l  t o  -E. The  t r a n -  
s i e n t  response of t h e  ou tpu t  ot t h e s e  servos  and the phase t r a -  
jector ies  are p l o t t e d .  The values  of the cons t an t s  and parameters 
for five cases are chosen and l is ted i n  Table 7 .  where cons t an t s  A 
and B are d e t i n e d  i n  equat ion ( 2 2 )  and cons t an t s  V, D, and H a r e  
- 21a - 
,dead  space  
( a )  s imple  r e l a y  
Q 
T 
I 
(b) r e l a y  wi th  dead space  
I 
( c )  r e l a y  wi th  h y s t e r e s i s  ( d )  r e l a y  w i t t  
and hysl 
Fig.  16, C h a r a c t e r i s t i c s  of fou r  r e l a y s  
I 
H +D 
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Fig. ?-, Bloack diagram of the  relay servo 
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def ined  i n  t i g .  1 7 .  Simulation i s  terminated when t i m e  reaches 
f i v e  seconds. 
( a )  Linear servo 
The l i n e a r ,  second-order servo i s  represented by t h e  above 
equat ions  ( 2 1 )  and ( 2 3 )  i n  addi t ion  t o  t h e  r e l a t i o n  G=E. This re- 
l a t i o n ,  however, i s  redundant,  b u t  it enables  one t o  use the  same 
v a r i a b l e  names f o r  a l l  f i v e  cases .  
The M i m i c  program f o r  t h e  l i n e a r  servo i s  shown i n  f i g .  18. 
The t r a n s i e n t  o r  e r r o r  response i s  shown i n  f i g .  1 9  where i t  ex- 
h i b i t s  t h e  commonly-desired, slightly-underdamped response.  The 
phase t r a j e c t o r y  i s  shown i n  f i g .  20. I t  i s  a continuous curve,  
which begins  a t  X equal  t o  1 . 5  and k Sect ion AB of 
t h e  t r a j e c t o r y  shows t h e  overshoot po r t ion  and BO t h e  under- ' 
shoot  po r t ion .  The t r a j e c t o r y  approaches t h e  o r i g i n  exponent ia l ly  
i n  t i m e .  
equal t o  0. 
L 
- 22a - 
* 
***PROBLEM NO. 6A***LINEAR SERVO SIMULATION * 
CON(A98)  
P A R ( 1 0 X O ~ X O ~  
U 
DT * 0.01 
2DX = -lDX/B+C*A/B 
1DX 1 I N T ( Z D X I ~ D X O )  
X = INT(1DXgXO)  
E = Y-x 
Y = 0.0 
G 9 E  
9) 
* 
* 
F I N ( T 1 5 . O )  
HDRt f IME,X IXDOT)  
HDR 
OUT(T,X, lOX)  
P L O ( t * X )  
PLO(X , lDX)  
EN0 
0.5 
1.5 
2.0 
0.0 
-. 
F'igure 18, Mimic Program f o r  Problem R0.64 
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FIGURE 1 - 1  
Fig. 19, Time response of the l inear  servo 
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FIGURE 1 - 2  
Fig. 20, Phase traJectory of the l inear servo 
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( b )  S i m p l e  r e l a y  servo 
The simple r e l a y  servo i s  represented by equat ions ( 2 1 )  and 
(23) and t h e  bang-bang c h a r a c t e r i s t i c  shown i n  f i g .  6 ( a ) ,  where 
e x h i b i t i s  t h r e e  power l e v e l s :  +V, 0, and -17. T h i s  c h a r a c t e r i s t i c  
can be s t a t e d  a s  below, I 
G = +V when E > O  
G = 0 when E =  0 
and G = -V when E <  0 
Condition E 7 0  can be expressed by using l o g i c a l  con t ro l  v a r i a b l e  
E l  determined by t h e  following FSW statement ,  
E l  = FSW(E,FALSE,FALSE,TRUE) 
Which s ta tes  t h a t  E l  i s  t r u e  whenever E>O; otherwise E l  i s  f a l s e .  
S i m i l a r l y ,  condi t ion  ECO can be expressed by using E2 determined 
by t h e  fol lowing s ta tement ,  
E2  = FSW(E,TRUE,FALSE,FALSE) 
Condition E=O i s  equiva len t  t o  t h a t  when both E l  and E 2  a r e  f a l s e :  
t h i s  can be expressed by using E 3  determined by t h e  following n e s t -  
i n g  s ta tement ,  l 
I E 3  = N O T ( T O R ( E l , E 2 ) )  
Where NOT and I O R  denote logical-not  and log ica l -o r  opera t ions  re- 
s p e c t i v e l y .  The above r e s u l t s  i n  s i x  s ta tements  which a r e  shown 
i n  t h e  M i m i c  program f o r  i t u s  servo i n  f i g .  21 .  
The t r a n s i e n t  or e r r o r  response i s  shown i n  f i g .  2 2 ,  and t h e  
phase t r a j e c t o r y  i n  f i g .  23. Since t h e  c o r r e c t i v e  power reverses  
- 24 - 
i n s t an taneous ly  as t h e  e r r o r  s i g n a l  goes through zero,  t h e  output  
X o s c i l l a t e s  about t h e  h o r i z o n t a l  ax is  a s  shown i n  f i g .  2 2 .  The 
o s c i l l a t i o n  u l t i m a t e l y  damps t o  t h e  o r i g i n  of f i g .  23,  because of 
p o s i t i v e  damping by t h e  motor. The v e r t i c a l  ax i s  i n  f i g .  2 3  i s  
the l i n e  where t h e  switching of t h e  r e l a y  occurs:  t h i s  l i n e  d i v i d e s  
the phase p lane  i n t o  a p o s i t i v e -  and a negat ive-  to rque  regions.  
I 
- 24a - .  
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***PROBLEM NOo6B***SIMULATION OF A SIMPLE RELAY SERVO * 
CON(A969V) 
PAR(lDXO9XO) * 
DT = 0.01 * 
2DX 
1DX 
X 
E 
Y 
E l  C 
E3 G 
E2  G 
* 
* 
=: -1DX/B+C*A/B 
= TNT(ZDX91DXO) 
= I N T ( l D X 9 X O )  
= Y-x 
= 0.0 
= V  
= 0. 
= -v 
E l  = FSW(E,FALSE9FALSE,TRUE) 
E2 = FSW(E+TRUE*FALSE*FALSE) 
E3 * NOT( I O R ( E 1 9 E 2 1  I 
U 
F I N ( T 9 S . O )  
HDR(TTME9X9XDOT) 
HDR 
OUT (1 * X  9 1DX 1 
P L O ( T 9 X )  
PCO(X91DX) 
END 
2.0 0.5 1.0 
0.0 1.5 
b 
Figure 21* Xirnic Program for Problem Eo.6E 
FIGURE 1 - 1  
Fig. 22,  Time response of a relay servo 
I I I I I I 
2. yo S. 20 u.00 u- a0 5-60 
T 1.60 
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FIGURE 1 - 2  
Fig. 23, Phase trajectory of 
a relay servo 
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( c )  Relay servo with dead space 
The r e l a y  i n  t h i s  servo has  t h e  dead-space c h a r a c t e r i s t i c  
shown i n  f i g .  6 ( b ) ,  where t h e r e  a r e  a l s o  t h r e e  power l e v e l s ,  
I +V,O, and -V. T h i s  c h a r a c t e r i s t i c  can be s t a t e d  a s  below, 
I 
G = +V when E >  +D 
G =  0 
and G = -V when E &  -D 
Simi la r  t o  t h e  simple r e l a y  servo, t h e s e  condi t ions  can be 
expressed by l o g i c a l  c o n t r o l  va r i ab le s  E 1 , E 2 ,  and E3 ,  determined 
by t h e  fol lowing t h r e e  s ta tements ,  
E l  = FSW(E-D,FALSE,FALSE,TRUE) 
E2 = FSW(E+D,TRUE,FALSE,FALSE) 
and E3 = N O T ( I O R ( E l , E 2 ) )  
The Mimic program f o r  t h i s  servo i s  shown i n  f i g .  24 where t h e  
above s i x  s ta tements  a r e  included. The t r a n s i e n t  o r  e r r o r  response 
i s  shown i n  f i g .  25. Output X approaches t h e  value of D ( i . e .  0, .2);  
t h i s  l i m i t s  t h e  s t a t i c  accuracy. The phase t r a j e c t o r y  i s  shown i n  
f i g .  26 where t h e  r e l a y  switches a t  two v e r t i c a l  l i n e s  of X=-D and 
and X=+D. The phase p lane  i s  thus  divided i n t o  t h r e e  regions;  t he  
p o s i t i v e - ,  zero- and negative-torque reg ions .  I n  t h e  zero-torque 
r eg ion ,  t h e  c o r r e c t i v e  power i s  no t  a c t i v i t e d ,  and t h e  load c o a s t s  
a c r o s s  t h e  dead-space with l i t t l e  change i n  speed. The zero-torque 
r eg ion  h e l p s  s t a b i l i z a t i o n ,  and t h e  servo can come t o  rest  and 
s t a y  w i t h i n  t h e  dead-space, i n s t ead  of going i n t o  a l i m i t  cyc l e .  
However, h e r e  i s  a l a r g e r  s t a t u s  e r r o r  due t o  the  dead space.  
- 2 5 a ' -  
***PROBLEM NO. 6C***SERVO SIMULATION WITH DEAD SPACE I N  THE RELAY * 
CON ( A 9 6 ,V 9 D 1 
PAR(1DXOgXOI * 
DT = 0.01 
2DX = -1DXIB+G*A/B 
1DX = INT(2DX91DXO) 
X = I N T ( 1 D X v X O )  
E = Y-x 
Y = 0.0 
* 
It 
E l  
E 3  
E2 * 
2.0 
0.0 
G = v  
G = 0.0 
G = -v 
I 
\ 
E l  = FSW(EID~FALSE,FALSE,TRUE) 
E2 = FSW(E+D*TRUE*FALSE*FALSE) 
E3 = NOf(IOR(El,E2) 1 
F I N ( T , S o O )  
HDR ( TIME,  X 9XDOT) 
HDR 
OUT t T 9 X 9 1DX 1 
P L O ( T 9 X )  
PLO( XI 1 DX j 
END 
0.5 100 002  
1.5 
Figure  24, Mmic Program for Probletr: KO. 6C 
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FIGURE 1 - 1  
Fig. 25, Time response of a relay servo with a dead-space 
in the re lay  
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( d )  Relay servo with h y s t e r e s i s  
The r e l a y  i n  t h i s  servo has  the h y s t e r e s i s  c h a r a c t e r i s t i c  
shown i n  f i g .  b ( c ) .  This c h a r a c t e r i s t i c  can be descr ibed a s  follows. 
If  G i s  i n i t i . a l l y  +V, then G remains  a t  +V i f  E >-D; otherwise,  G 
becomes -V. I f  G i s  i n i t i a l l y  -V, then G remains a t  -V i f  E <  +D; 
o therwise,  G becomes +V. 
L e t  H r ep resen t  G equal  t o  +V and -V when H i s  t r u e  and f a l s e  
r e s p e c t i v e l y ,  then w e  have t h e  following LSW statement ,  
G = LSW(H,+V,-V) 
L e t  El be t r u e  when E >  +D and E2 be t r u e  when E <-D, then we  have, 
E l  = FSW(E-D,FALSE,FALSE,TRUE) 
E2 = FAS (E+D,TRUE,FALSE,FALSE) 
Now t o  r e m e m b e r  t h e  i n i t i a l  s t a t u s  of G,  a f l i p - f l o p  represented 
by a FLF s ta tement  i s  employed. The FCF s ta tement  has  t h r e e  
arguments, say,  E l ,  E 2 ,  and R, w h e r e  R denotes t h e  i n i t i a l  s t a t u s  
a t  t i m e  equa l  t o  O(to be a r b i t r a r y  chosen t r u e  h e r e ) .  Let H be 
t h e  s t a t u s  of t h e  f l i p - f l o p .  The following FLF statement ,  
H = F L F ( E 1 8 E 2 , T R U E )  
p r e s c r i b e s  t h a t  H become t r u e  when E l  i s  t r u e ,  become f a l s e  when 
E 2  i s  t r u e ,  and remain unchanged when both E l  and E 2  a r e  f a l s e .  
I f  G i s  i n i t i a l l y  a t  +V, H is t r u e  and remains t r u e  u n t i l  E 2  
i s  t r u e  ( t h i s  means u n t i l  E <  -D). I f  G i s  i n i t i a l l y  a t  -v, H i s  
f a l s e  and remains f a l s e  u n t i l  E l  i s  t r u e  ( t h i s  means u n t i l  E >  + D ) .  
Both E l  and E 2  a r e  f a l s e  when -DSEZ+D, and t h a t  both El and E2  a r e  
- 27 - 
t r u e  i s  impossible.  Thus, t h e  above four  s ta tements  p re sc r ibes  
t h e  h y s t e r e s i s  c h a r a c t e r i s t i c  i n  f i g .  6 ( c ) .  These s ta tements  a r e  
shown i n  t h e  M i m i c  program f o r  t h i s  servo i n  f i g .  27. 
I 
The t r a n s i e n t  o r  e r r o r  response i s  shown i n  f i g .  28  and the  
phase t r a j e c t o r y  i n  f i g .  29. S i n c e  t h e  h y s t e r e s i s  delays t h e  switch- 
i ng  ope ra t ion ,  t h e  c o r r e c t i v e  power i s  no t  reversed u n t i l  t h e  out- 
p u t  X i s  p a s t  t h e  des i r ed  zero poin t .  As can be seen on the  phase 
p lane ,  t h e  e f f e c t  i s  d e s t a b i l i z i n g .  There e x i s t s  a l i m i t  cyc le  
as shown i n  f i g .  29. 
I 
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***PROBLEM NO. 60***SERVO SIMULATIONWITH HYSTERESIS I N  THE RELAY * 
I * 
DT 
2DX 
1DX 
X 
E 
Y 
€1 
E2 
H 
C 
* 
* 
* 
= 0.01 
= -1DX/B+G*A/B 
* I N T ( 2 D X , l D X O )  
tl: I N T ( l D X , X O )  
= Y-x 
= 0.0 
I F SW ( E-D F A t  S E 9 FALSE 9 TRUE ) 
8 FSW(E+D,TRUEIFALSEIFA~SEI 
F L F ( E ~ I E ~ , T R U E ) .  
LSWfHgVv-V) 
2.0 
0.0 
F I N ( T , S o O )  
HDR(TIME,X,XDOT)  
HDR 
O U T ( T v X I 1 O X I  
P L O ( T r X )  
P t O l X 9 1 D X I  
END 
0.5 100 O b 2  
1 .5  
Figure 27, Mimic Program for Problem Ho. 6D 
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R FIGURE 1 - 1  
Fig. 28, Time response of a re lay  servo with hys teres i s  
i n  the  relay 
- -  
I I I I I I I 
-000 .Bo 1.60 2- uo S- 20 v o  m cw 5050 T 
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FIGURE 1 - 2  
Fig. 29, Phase plane trajectory of a relay servo with hysteresis 
in the relay 
I 
I I I I I I I .al 0.60 - 0  20 . I 9  .60 1-00 L W  1- X 
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(e )  Relay servo wi th  both  dead space and h y s t e r e s i s  
The r e l a y  i n  t h i s  se rvo  h a s  the c h a r a c t e r i s t i c  shown i n  f i g .  6 ( d ) .  
This c h a r a c t e r i s t i c  can be descr ibed as fol lows.  
+V, then G remains a t  +V i f  E > tH and becomes 0 when E 5 +H. If 
I f  G i s  i n i t i a l l y  
I G i s  i n i t i a l l y  -V, then G r e m a i n s  a t  -V i f  E < -Hand becomes 0 when 
E 2  -H. 
+V i f  E > +D , and becomes -V i f  E <  -D. 
I f  G is i n i t i a l l y  0, t h e n  G remains 0 i f  -DI E s + D ,  becomes 
L e t  S1 be t r u e  when E > D ,  S2 be t r u e  when E <  -D, R 1  be t r u e  
when E SH, and R 2  be t r u e  when E 2 -H, then we  have, 
S1 = FSW(E-D,FALSE,FALSE,TRUE) 
s 2  = FSW (E+D, TRUE, FALSE , FALSE) 
R 1  = FSW(E-H,TRUE,TRUE,FALSE) 
and R 2  = FSW(E+H,FALSE,TRUE,TRUE) 
L e t  L1  r e p r e s e n t  the s t a t u s  of a f l i p - f l o p  so t h a t  L1  i s  t r u e  or 
f a l s e  when S1 i s  t r u e  o r  when R1 i s  t r u e , r e s p e c t i v e l y ;  otherwise 
L1  remains unchanged. L e t  L2 r ep resen t  t h e  s t a t u s  of  another  f l i p -  
f l o p  so t h a t  L2 i s  t r u e  or  f a l s e  when S2 i s  t r u e  or  when R 2  i s  t r u e ,  
I r e s p e c t i v e l y ;  Dtherwise L2 remains unchanged. Note t h e  case  t h a t  
both S1 and R 1  are t r u e  i s  impossible,  n e i t h e r  i s  t h e  case t h a t  
both S2 and R 2  a r e  t r u e .  W e  then  have, 
~1 = F L F ( S ~ , R ~ , T R U E )  
and L2 = FLF(S2,R2,TRUE) 
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When L 1  i s  t r u e ,  G i s  equal  t o  +V. When L2 i s  t r u e ,  G i s  
equal  t o  -V. When both L 1  and L2 a r e  f a l s e ,  G i s  equal  t o  0. These 
can be descr ibed  by us ing  l o g i c a l  con t ro l  v a r i a b l e s  E l ,  E 2 ,  and E3 
I 
l def ined  by the fol lowing three s ta tements ,  
I 
E l  = LSW(Ll,TRUE,FALSE) 
E2  = LSW(L2,TRUE,FALSE) 
and E3 = N O T ( I O R ( E l , E 2 ) )  
There are a l t o g e t h e r  1 2  s ta tements  which are shown i n  the M i m i c  
program f o r  t h i s  se rvo  i n  f i g .  30. 
I f  G i s  i n i t i a l l y  a t  +V, L1  i s  t r u e  and remains t r u e  u n t i l  
R 1  i s  t r u e  ( t h i s  means u n t i l  E 5  H ) .  I f  G i s  i n i t i a l l y  a t  -V, L2 
i s  t r u e  and remains t r u e  u n t i l  R2  i s  t r u e  ( t h i s  means u n t i l  E 2 - H ) .  
I f  G i s  i n i t i a l l y  0,  both L 1  and L2 are f a l s e  and remains f a l s e  
u n t i l  S1 i s  t r u e  ( t h i s  means u n t i l  E >  D) when G becomes +VI o r  
u n t i l  S2 i s  t r u e  ( t h i s  means u n t i l  E<-D) when G becomes -V. ThusI 
these s t a t emen t s  prescribe t h e  hysteresis/dead-space charac te r i s t ic  
o f  the r e l a y .  
The t r a n s i e n t  o r  error response i s  shown i n  f i g .  31 and the 
phase t r a j e c t o r y  i n  f i g .  32. Notice t h a t  the t w o  v e r t i c a l s  l i n e s  
at w h i c h  the swi tch ing  o f  the r e l a y  occurs  are  o f f - s e t  along the 
h o r i z o n t a l  a x i s .  S ince  h y s t e r e s i s  o r  dead space c o n t r i b u t e s  de- 
s t a b i l i z i n g  and s t a t i c  error, the ex i s t ance  of  both g ives  a l a r g e r  
s t a t i c  e r r o r  and a l i m i t  c y c l e  with a l a r g e r  aTpl i tude  than e i t h e r  
a lone .  
- 29a - 
***PROBLEM NO. * 
I 
DT 
2DX 
1DX 
X 
E 
Y 
U 
* 
* 
E l  
E 3  
E 2  * 
L 
6E***SERVO SIMULATION WITH DEAD SPACE AND HYSTERESIS 
= 0.01 
= -1DX/B+G*A/B 
= INT(ZDX91DXO) 
= INT(1DXVXO) 
= Y-x 
= 0.0 
s1 FSW ( € 4 3  9 FALSE, FALSE ,TRUE 1 
5 2  = FSW(E+D,TRUE*FALSEtFALSE) 
R 1  = FSW(E-H,TRUEtFALSE*FALSE) 
R2 = FSW(E+H*FALSE*FALSE*TRUEj 
L 1  = F L F ( S l g R 1 9 T R U E )  
L2 = FLF(SZvR2,TRUE) 
G = v  
c = 0.0 
G = -v 
E l  = LSW(Ll,TRUE,FALSE! 
E 2  = LSW(L29TRUE9FALSE) 
E3 = N O T ( I O R ( E l , E 2 ) )  * 
F I N ( T 9 5 r O )  
HDR(TlME,X,XDOT1 
HDR 
O U T ( T , X v l D X )  
PLO( T 9 X I 
PLO( X 9 1  OX 1 
END 
* 
2.0 0.5 100 0 e 2  0.1 
10.0 1.5 b 
F i g u r e  30, Mmic Program for Problem.~To.- 6E 
a 
8 *. 
d 
Y 
0 
cy. . 
FIGURE 1 - 1  
Fig .  31, Time response o f  a r e l a y  s e r v o  wi th  a dead-space 
and h y s t e r e s i s  i n  t h e  r e l a y  
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FIGURE 1 - 2  
Fig. 32, Phase p lane  t r a j e c t o r y  of 
a r e l a y  s e r v o  wi th  a dead- 
space  and h y s t e r e s i s  i n  
t h e  r e l a y  
I 
I 1 I I I I 
-1.00 -0 60 -# 0 19 060 1.w 1- UQ rm 
X 
I - 30 - 
(8) Conclusion 
The above M i m i c  programs and their  programs and t h e i r  r e s u l t s  
I 
have shown s i m p l i c i t y  of t h e  language and some techniques i n  s i m -  
u l a t i o n  and computation of engineer ing and s c i e n t i f i c  problems. 
They have a l so  shown the advantages of g r e a t  accuracy, no need of 
s c a l i n g ,  and no hardware se tup .  P l o t s  o f  curves  are a v a i l a b l e  wi th  
automatic  s c a l i n g  and l a b e l i n g .  
' 
Considera t ion  of  cost  of computation should no t  be neglec ted .  
The computer t i m e  f o r  any of t h e  above programs without  p l o t s  ranges 
from about one-half minute t o  about t w o  minutes on t h e  IBM 7094 
computer system a t  t h e  Univers i ty  of Maryland: t h i s  v a r i a t i o n  de- 
pends t o  a great  e x t e n t  on the value of DT. With p l o t s ,  t h e  c o m -  
p u t e r  t i m e  i s  about doubled. The computer t i m e  a t  Un ive r s i ty  of  
Maryland costs a t  about $5.00 pe r  minute. The c o s t  f o r  one run 
of these programs wi th  p l o t s ,  t h u s  ranges from $5.00 t o  $10.00. 
I f  one takes f i v e  runs  t o  have the program debugged, then the 
cos t  o f  the computer t i m e  f o r  one  program ranges from $25.00 t o  
$100.00. 
There are o t h e r  advantages of d i g i t a l  analog s imula t ion  t h a t  
have been or  are be ing  recognized. These are f e a s i b i l i t y  and 
s i m p l i c i t y  of func t ion  genera t ion  of more than two v a r i a b l e s ,  
a v a i l a b i l i t y  of many mathematical func t ions  normally provided i n  
a d i g i t a l  computer f a c i l i t y  better computer u t i l i z a t i o n ,  r a p i d  
swi t ch ing  from one s imula t ion  t o  another ,  s impler  s to rage  of s i m -  
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u l a t i o n  programs f o r  reuse, and e a s i e r  machine maintenance. Lastly, 
the u s e  of cathode-ray-tube f o r  one-l ine d i s p l a y  a s  w e l l  a s  l a rge -  
s c a l e  rea l - t ime s imula t ion  a r e  becoming r e a l i t i e s .  
I n  conclusion,  t h e  use of d i g i t a l  analog s imulat ion a s  a t o o l  I 
f o r  engineer ing a n a l y s i s  and design w i l l  be r a p i d l y  increased  a s  
more and bet ter  d i g i t a l  computer s y s t e m s  become ava i l ab le .  
- 32 - 
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